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.2013.09.0Abstract This brief note expanding on one aspect of paper [1], which deals with the complex num-
ber form of Euler–Savary formula. This formula is the relationship between the radius of the cur-
vature and the curvature center of a path drawn by a point in the coplanar rolling of two conjugate
curves on one another.
We study complex number form of the Euler–Savary formula for one parameter homothetic pla-
nar motion and the case of the homothetic scale h is equal to 1, given in [1], will appear as a special
case of this study.
 2013 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
One parameter motions in the Euclidean plane E2 and the
Euler–Savary formula for the planar motions were given by
Mu¨ller [2] and this formula is a well known formula that is
used in engineering, biology and mathematics, etc., [3–5].
For example, a graphical technique to locate the center of cur-
vature of the path traced by a coupler point of a planar, single-
degree-of freedom geared seven-bar mechanism is illustrated
and the center of curvature of the path traced by an arbitrary
coupler point is obtained from existing techniques, such as the
Euler–Savary equation by [6]. In the other study, a graphical2957166.
r (M. Masal), sersoy@sakarya.
r (M.A. Gu¨ngo¨r).
Shams University.
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06technique to obtain the radius of curvature of the path traced
by a coupler point of a planar single-degree of freedom, inde-
terminate eight-bar linkage commonly referred to as the dou-
ble ﬂier linkage is expressed and the radius of curvature of
the path traced by the coupler point is obtained from Euler–
Savary equation in [7].
Complex numbers are particularly useful in polar coordi-
nate forms and planar motion of a rigid body can be formu-
lated by using complex number instead of vector. Mu¨ller and
Blaschke expressed the planar motions via the complex num-
bers in [8]. Moreover, the moving coordinate system in the
complex plane was deﬁned by [9,10] and the Euler–Savary for-
mula for one parameter planar motions in the complex plane C
was obtained in [1]. The kinematically based complex number
approach is exempliﬁed in [11,12]. Also, four new complex vec-
tor forms of the Euler–Savary equation for higher-pair rolling
contact mechanism were developed in [11]. By using the geo-
metrical interpretation of the Euler Savary formula, Bobillier
formula that concerns the second order properties of planar
motion in the complex plane C, was studied by [13].in Shams University.
Fig. 1 Pole curves of (P) and (P0).
306 M. Masal et al.In the present note, planar homothetic motions in the com-
plex plane are given. In doing so, the orthonormal frames
fO;~e1;~e2g and fO0;~e01;~e02g are taken representing moving and
ﬁxed complex planes E and E0 and the Euler–Savary formula
is obtained for homothetic motion E /E0.
2. Preliminaries
Let fB;~a1;~a2g; fO;~e1;~e2g and fO0;~e01;~e02g be the coordinate
systems of the moving complex planes A, E and ﬁxed complex
plane E0, respectively. If u and w are the rotation angles of pla-
nar homothetic motions A/E and A/E0, respectively, then
w  u is a the rotation angle of planar homothetic motion
E/E0. If we denote the vectors BX
!
;OB
!
and O0B
!
with the com-
plex numbers
eX ¼ x1 þ ix2; b ¼ b1 þ ib2; b0 ¼ b01 þ ib02
on the moving coordinate system of A, respectively, then we
have
X ¼ ðbþ h eXÞeiu ð1Þ
and
X0 ¼ ðb0 þ h eXÞeiw ð2Þ
where the complex numbers X and X0 denote the point in the
coordinate systems of E and E0, respectively. Also, the function
h= h(t) is a continuously differentiable function of a real
parameter t and called homothetic scale, [9]. The differentia-
tion of the Eqs. (1) and (2) is
dX ¼ ½rþ ðdhþ ihsÞ eX þ hd eXeiu ð3Þ
and
d0X ¼ ½r0 þ ðdhþ ihs0Þ eX þ hd eXeiw ð4Þ
where
r ¼ r1 þ ir2 ¼ dbþ ibdu; s ¼ du ð5Þ
and
r0 ¼ r01 þ ir02 ¼ d0bþ ib0dw; s0 ¼ dw: ð6Þ
Hence, the relative and absolute velocity vectors of X are
Vr ¼ dX
dt
and Va ¼ d
0X
dt
;
respectively. If Vr = 0 and Va = 0 then the point X is ﬁxed in
the planes E and E0, respectively. Thus, the conditions that the
points to be ﬁxed in planes E and E0 are
d eX ¼  1
h
½rþ ðdhþ ihsÞ eX ð7Þ
and
d eX ¼  1
h
½r0 þ ðdhþ ihs0Þ eX; ð8Þ
respectively, [9]. From the Eqs. (4) and (7), we have the sliding
velocity vector of the point X as
Vf ¼ dfX
dt
and
dfX ¼ ½ðr0  rÞ þ ihðs0  sÞ eXeiw ð9Þwhere r1; r2; r01; r
0
2; s and s
0 are the Pfafﬁan forms of the
complex homothetic motion with respect to t. To avoid the
cases of pure translation, we suppose that _u–0 and _w–0.
From the Eq. (9), for the pole points of the complex homothet-
ic motion E/E0, we have
P ¼ iðr
0  rÞ
hðs0  sÞ ð10Þ
where, BP
! ¼ P ¼ p1 þ ip2, [9]. If we pass to the Euclidean
coordinates, then the last equation becomes
p1 ¼
r2  r02
hðs0  sÞ ; p2 ¼
r01  r1
hðs0  sÞ : ð11Þ3. Euler–Savary formula for the homothetic motion in the
complex plane C
Now, we will study the Euler–Savary formula in the homothet-
ic motion in complex plane C. In this section we choose a rel-
ative system {B;a1,a2} satisfying the following conditions:
(i) The initial point B of the system is the instantaneous
rotation pole P (that is P= B).
(ii) The axis {B;a1} coincides with the common tangent of
the pole curves (P) and (P0) (see Fig. 1).
If we consider the condition (i), then from the Eqs. (10) and
(11) we see that p1 = p2 = 0.
Thus, it is easily seen that
r1 ¼ r01; r2 ¼ r02: ð12Þ
From the Eqs. (5) and (6), we have
db ¼ r1a1 þ r2a2 ¼ ðdbþ ibduÞeiu ¼ reiu;
d0b ¼ r01a1 þ r02a2 ¼ ðdb0 þ ib0duÞeiw ¼ r0eiw:
ð13Þ
Taking into consideration the Eq. (12) together with the
Eq. (13) we reach that
db ¼ d0b ¼ dp ¼ d0p:
This means that the moving pole curve (P) and ﬁxed pole
curve (P0) roll on each other without sliding. From the condi-
tion (ii) we have r2 ¼ r02 ¼ 0. If we choose r1 ¼ r01 ¼ r, then
r= ds is the scalar arc element of the pole curves (P) and
(P0) . If s is the cotangent angle, that is, two neighboring tan-
gents angle of (P), then the curvature of the moving pole curve
(P) at the point P is sr ¼ duds . Similarly, if s0 is the cotangent an-
gle, then the curvature of the ﬁxed pole curve (P0) at the point
P is s
0
r ¼ dwds . Suppose that the curvature radii of pole curves (P)
and (P0) are
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s
and r0 ¼ r
s0
ð14Þ
respectively. Moving plane E rotates around the rotation pole
P within the time scale dt and the inﬁnitesimal instantaneous
angle of the d/= s0  s with respect to ﬁxed plane E0 . There-
fore the angular velocity of rotational motion of E with respect
to becomes
s0  s
dt
¼ d/
dt
¼ /

: ð15Þ
Suppose that for the direction of unit tangent vector
a1;
ds
dt
> 0. In these cases, since the curvature center of the mov-
ing pole curve (P) stays in the left-hand side of the directed
pole curve fP; a1!g, we can easily see that r> 0. Similarly
r0 > 0.
From the Eqs. (3) and (4) the velocities of the point X with
respect to the planes E and E0 are
dX ¼ ½rþ ðdhþ ihsÞ eX þ hd eXeiu ð16Þ
and
d0X ¼ ½rþ ðdhþ ihs0Þ eX þ hd eXeiw ð17Þ
where r ¼ r01 ¼ r1. Thus the condition that the point X to be
ﬁxed in the moving plane E and the ﬁxed plane E0 are
hd eX ¼ r ðdhþ ihsÞ eX ð18Þ
and
hd eX ¼ r ðdhþ ihs0Þ eX ð19Þ
respectively. In this case the sliding velocity of the motion can
be given by
dfX ¼ ihðs0  sÞ eXeiw ð20Þ
Now, let us investigate the curvature centers of the paths
are drawn in the ﬁxed plane by the points of moving plane
in the homothetic planar motion E/E0.
Let the coordinates of the points X and X0 of the canonical
relative system be (x1,x2) and x
0
1; x
0
2
 
, respectively. These
points and the instantaneous rotation pole P stay on a line,
that is on an instantaneous path normal related to X at the
each time t. In general a curvature center with respect to a
point of a plane curve stays on the normal of the curve with
respect to that point. However, this curvature center can be
thought as a limit of the meeting point of the two neighboring
point that are on the curve (see Fig. 2).
Thus the vectors
PX
! ¼ x1 þ ix2 ¼ XFig. 2 The distance of the points X and X0 to the rotation pole P
and the radii of curvature of pole curves P and P0.and
PX0
! ¼ x01 þ ix02 ¼ X0
have the same direction which passes the rotation pole P. Then
we write
X
X0
¼ k 2 R:
Differentiating the last equations gives us
dXX0  XdX0 ¼ 0: ð21Þ
Substituting the Eqs. (18) and (19) into the Eq. (21) we ﬁnd
rðX X0Þ þ ihXX0ðs0  sÞ ¼ 0: ð22Þ
If we pass to polar coordinates that are
X ¼ aeia and X0 ¼ a0eia: ð23Þ
From the Eq. (22) we have
rða a0Þ þ ihaa0eiaðs0  sÞ ¼ 0: ð24Þ
where a and a0 represent the distance of the points X and X0 to
the rotation pole P on the complex plane, (Fig. 2). Also, ds rep-
resents the scalar arc element and d/ represents the inﬁnitesi-
mal angle of the motion of the pole curves. If we consider the
Eq. (15) together with the Eq. (24) we have
1
a0
 1
a
 
ieia ¼ h 1
r0
 1
r
 
¼ h d/
ds
: ð25Þ
The last equation is called Euler–Savary formula for the
homothetic motions in complex plane C. Therefore the follow-
ing theorem can be given.
Theorem 1. Let E and E0 be moving and ﬁxed complex planes.
A point X in E in a homothetic planar motion (E/ E0) draws a
path in plane E0 for which the curvature center is at the point X0 .
In the reverse motion E0/E the point X0 in E0 draws a path in
plane E for which the curvature center is at the point X. The
relation between the point X and X0 is given by the equation
1
a0  1a
 
ieia ¼ h 1r0  1r
  ¼ h d/ds for the one parameter homothetic
motions in complex plane C.
Special Case:
In the case of h= 1, from the Eq. (25), we get
1
a0
 1
a
 
ieia ¼ 1
r0
 1
r
¼ d/
ds
: ð26Þ
which was given by [1].4. Conclusions
Euler–Savary formula for one parameter homothetic motions
in complex plane is an extension of the Euler–Savary formula
for one parameter motions in Euclidean plane and complex
plane given by [2,1]. For purpose of formulation, we use kine-
matically based complex number approach. Thus, we have ob-
tained the complex number form of Euler–Savary formula
under one parameter homothetic motion as (25). The author
hope that this formula will provide effective tools in mecha-
nism design problems of planar motions.
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